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AN ANALYTICAL MODEL FOR MASS TRANSFER IN AN ELECTRO- 

DIALYSIS CELL WITH SPACER OF FINITE MESH* 

SUMMARY 

The proposed “‘mesh step” model rcprcscnts the mass transfer process as a 

laminar concentration boundary layer whose development is periodically inter- 
rupted. The boundary layer develops along a given characteristic Iength at the end 
of which it undergoes partial mixing, i.e., it regresses to an earlier. less deve?oped 
stage. from which the devetopment starts again, etc. Thus the mixing effect of the 
spacer is represented by twu parameters: The mesh size and mixing efficiency. 
This is compared with a “‘constant boundary layer” model which assumes a 
faminar diffusion layer of constant thickness with perfectly mixed bulk Bow. 

Mass transfer in electrodialysis is governed by the flow regime. which is 
determined by the presence of a spacer net (“turbulizer”). The flow is characterized 
by the shedding of vortices at the discrete threads of the spacer net, and these 
vortices produce convective mixing. which Itas a dominant infl uenccon the process. 
Yet none of the analytical models proposed so far takes proper account of the 
convective mixing, Thus. Sonin and Probstein (I) considered various laminar 
Bow profiles with purely diffusive mass transfer. The authors (2) considered un- 
~s~~r~d taminar flow. as well as the case of perfect mixing. Pnueli and Grossman 
(3) proposed a flow model in which the spacer was represented by a flow resistance 
proportional to the velocity. This results in a flattened velocity profiles, but the 
mass transfer in this model is still purely diffusive. 

Unfortunately, a detailed description of the hydrodynamics would be too 
complex lo be practical. Therefore, it appears desirable to formulate simple ana- 

9ytical models which would rake account of the convective mixing and yet wouid 
not be unduly complicated. These modefs should pruvide the answers ta ane, or 
both. of the following two questions arising in the design of new apparatus: a) 

l Based on paper prexnted at the Third ~ntema?i~n~l Symposium on Fresh Water from the Sea. 
IBubrovnik, September f3-16.1970. 
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Given the performance data of a laboratory or pilot unit with a specific spacer and 
specified values of flow velocity, predict the current VS. voltage characteristic of a 
scaled-up unit with an identical spacer and identical values of the velocity; b) 
Predict. analyticaliy, the performance of an ekctrodialysis unit for different spacer 
geometries, 

After stating the basic equations, we present in this paper a “mesh step” 
model which provides an answer to the first question and indicates a possible 
approach to the second. 

BASIC LAMINAR-FLOW EQUATIONS 

Following (I, _7), we consider one half of a brine cell and one halfof a dialysate 
cell, with a cation permeable membrane between them. The width of each half cell 
is d, the mean velocity U, and the diffusion coefficient D_ The voltage applied across 
the two hstfcelis plus membrane is V, and the membrane resistance per unit area 
is R. The salt concentration at the entrance to each cell is c,. (The extension of the 
model to t;xe case of unequal inlet concentrations in the brine and dialysate cells 
is straightfonvard (1)). The dimensionless equations for the concentration c’ and 
the current density i’ are 

.*? = x/(dPe), V’ = eV/(kT) 

.’ 
., = rl4 (3) 

where x and y are the coordinates parallel and normal to the membrane respectively, 
u is the velocity in the x-direction, F the Faraday charge unit, k the Boltzmann 
constant, e the electron charge, T the temperature, Pe = Ud/D the Peclet number, 
and CL, c& are the concentrations at the membrane on the brine and dialysate 
side, respectively. The boundary conditions are 
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XI = 0: c’ = 1. (3) 

Following (I), we consider fuhy developed laminar Row. tt’ = 3y’f 1 -3~‘). and 

assume that a concentration gradient occurs onty in a boundary fayer of thickness 
S(Y) and that the concentration profile in the boundary layer can be represented 

by a second-degree polynomial. introducing these assumptions and integrating 
across the width of the channel, we have 

8 --$- fi”d-j(f - S/5)] = i’, 

i’ ;=i: {V’ - In [(2 - CA -t- Ji’S)/(c$ - fi’s)])l[(25/(c~i’))f. 

-I- (f - S)[I/r; + t/(2 - c;)-j + R-j, m 

where e;1 is the concentration in the bulk flow and the (rnixi~~-cup~averag~con- 
centration is 

*‘MESH STEP” FIODEX. 

The basic physi4 facts used in the present model are: (a) the spacer pro- 
duces partial mixing of the flow, and (b) it is characterized by a finite mesh size. 
WC idealize these, and propose the folfowing picture. considering for the sake of 
definiteness the dialysate cell, the picture for the brine cell being antisymmetric. 
The ftow is fully developed laminar flow. At the entrance to the active section of 
the channel a concentration boundary layer forms and the concentration defect 
between the membrane and the bulk (i.e., the polarization defect) increases in the 
fiow direction. After traversing one mesh step, the concentration profile in the 
flow undergoes a sudden partial mixing. The effect of this mixing is such that the 
concentration profile after the mixing is again a boundary layer profile, but the 
concentration defect at the membrane is a given fraction of the defect before 
mixing. After this elementary mixing process, the boundary layer again develops 
for the length of onespocer m&, at the end of which the mixing process is repeated, 

and so on. Thus the process is represented by a laminar concentration boundary 
layer which develops in a saw-tooth fashion. Since the current density corresponds 
to the conductivity associated with the concentration profifes in the brine and 
dialysate cells, it too decreases in a step fashion. 

Although this model is extremely simplified, it allows one to represent the 
spacer by two finite quantities: The me.4 six and the mixkgfictw, which account 
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for the basic physical phenomena. The basic idea here is somewhat similar to the 
representation of turbulent flow by a mixing length. 

With these ideas in mind, we divide the cell length into mesh steps of length 
AT’. corresponding to the mesh of the spacer. Consider now the dia!ysate stream 
at the beginning of the j-th step. We denote the variables at this position by 
c) 67-i 1 * c&j)* i;,, and hjl, and assume that these variables satisfy the relations (6). 
(7). With these values of the variables as initial conditions. Eqs. (5). (6) can be 
integrated from the beginning of the&th step to its end. (In general. Ax’ wilt be 
subdivided into a large number of integration steps, their size being dictated by 
requirements of numerical convergence.) During this integration, the bulk con- 

centration is taken to be constant. At the end of thej-th step the variables attain 
the values 

In particular, the concentration defect at the membrane at the ettdqf fhej-th srep is 

AC;, = CL,, - c;)flejf = ji;,Si,. (8) 

We now introduce an instantaneous mixing, the result of which is that the con- 
centration defect is reduced by a factor (1 -L-j, so that at the beginning of the 

(j -t- I)-th step it is 

or 

iij+t,r4j+rlr = (1 - WPj2. (9) 

Here A- is the mixing efficiency of the spacer. If X- = 1, the concentration profile 
undergoes perfect mixing at the end of each discrete step AY’, while k = 0 denotes 
the complete absence of mixing!. Clearly, the mixing process leaves the average 
concentration unchanged, so that 

c’ a,(,+ 1 )i = cLze (10) 

Finally. we require that after the mixing all variables satisfy Eq. (6). This 
completely determines the variables at the beginning of the (j -t J t-th step (these 
are schematically illustrated in Fig. I), and the calculation can proceed another 

mesh step forward. To start the catculation, we recall that the conditions at the eelI 
inlet are known. Note that the calculation is repetitive and can be easily translated 
into computer language. 

To reiterate. the situation at the beginning of the (j -I- I)-th step is defined 
by the three quantities a(1 + t,;, i’, + ,,t, c& + ,,, and these are determined from 
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Fig. 1. 

a( jar %2 I 

Concentration profiles before and after mixing. 

those of the previous step by the three equations which state that: (a) The average 
concentration is conserved during mixing, (b) the concentration defc:ct is changed 
by a known amount k, and (c) the current is given by the concentration profile 
at the beginning of the step. 

CONSTANT EKXJNDARY LAYER THICKNESS MODEL 

Idealizing the model even further, we can integrate it over the mesh step and 

consider the net overall effect of the spacer as the preservation of ;f constant 

laminar diffusion layer with a perfectly mixed bulk flow. This, of course, is the 
welt known polarization layer model which we shall use here to calculate the overall 
performance of the unit. 

Returning to the basic Eqs. (5)-(7), we assume now a constant boundary 
layer thickness b = const. Given the initial conditions and 6, the equations can then 
be integrated to yield the concentration (average, bulk, and membrane) and cur- 
rent density as a function of length. 

REPRE!XHTATlYE NUMERICAL RESULTS 

Given the initial conditions, voltage, etc., and given either (a) a mesh stepsize 
AY’ and the mixing effkiency of the spacer k, or (b) the boundary layer thickness 6, 
one can calculate the variation of concentration and current density (Fig. 2) along 
the cell. Note that by changing AX’ and i?, or by changing 6, one can span the full 
range between the two bounds of she problem (2): (a) undisturbed laminar Bow 
(AT’ -+ co, or k = O), and (b) perfect continuous mixing (Ar’ --, QI and k = 1, 
or 6 = 0). These are also shown in Fig. 2. Furthermore, given the overall length 
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X’ 

fig. 2.Current den&y. {PC = 6310. V' i- 40, R' = 1.24). 

of a cell one can integrate the current density to obtain the total current or the 
average current density. Repeating the calculation for a given cell with identical 
inlet conditions and spacer parameters but with different values of the impressed 
voltage, one obtains a voltage W. current characteristic of tfre cell. Fig. 3 shows 

representative Y/Z F.S. Z curves obtained in this manner, together with a typicat 
experimental curve (4). ft may be seen that meaningful correfation between the 
present models and experiment can indeed be obtained. 

Both models require that the spacer constants be determined on a small 
bench size laboratory unit. The major advantage of the mesh step model is that 
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it allows to correlate the mixing effect of a spacer to its dominant geometrical 
characteristic. 

An experimental program for evaluating the performance ofdifferent spacers, 
including measurements of current distribution. is in progress. 
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