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Turbulent Flow in a Tube With Wall Suction 

L. MERKINE,1 A. SOLAN,1 and Y. WINOGRAD1 

The effect of wall suction on turbulent flow in a tube is analyzed, 
using a mixing-length model with an extended form of van Driest's 
damping factor. It is shown that an empirical damping factor 
similar to that proposed by Kays, Moffat, and Thielbahr, when 
incorporated in a method of solution developed by Kinney and 
Sparrow, predicts that the turbidence level in tube flow decreases 
with suction, and yields excellent correlation with the experiments 
of Weissberg and Berman. 

Nomenclature 

A+ = parameter in damping factor, equations (10), (11) 
DF = damping factor, equations (10), (11) 

K = momentum flux variable, equation (8) 
l+ = dimensionless turbulent mixing length 
p = pressure 

Re = Reynolds number 
r = radial coordinate 

rw = tube radius 
U = mean axial velocity 
u = axial velocity 

u* = friction velocity 
v = radial velocity 

vw = suction velocity at wall 
x = axial coordinate 
y = transverse coordinate (»• — r,„) 
p = density 
r = shear stress 
X = variable defined in equation (12) 
v = kinematic viscosity 

Superscript 

( ) + = dimensionless, equation (6) 

Introduction 

WITHDRAWAL of fluid at the boundary of a turbulent flow 
("suction") has a marked effect on the turbulence level [ l ] . 2 

For external flows, this effect has been studied both analytically 
and experimentally quite thoroughly, and it is well known that suc
tion has a laminarizing effect. For tube flow, much less work has 
been done. Weissberg and Berman [2, 3] measured the velocity 
field and pressure drop in tube flow with suction and observed 
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that the turbulence levels were lowered by suction over the entire 
cross section. Kinney and Sparrow [4] approached the problem 
analytically and developed a model for the prediction of the flow 
field from basic equations. A crucial step in their treatment is 
the assumption of a relation between the turbulent mixing length 
and the local properties of the flow field. Here they assumed a 
usual mixing-length relation, with a van Driest damping factor 
modified for wall suction. In their derivation, a parameter A + 

appears, which for want of better data is assigned the constant 
value A+ — 26, as in the case of a flat plate without suction. 
Thus, their analysis is compatible with the no-suction case. 
However, in general, one would expect A + itself to be a function 
of the suction rate. Indeed, in a series of experiments on turbu
lent boundary-layer flow with suction, Kays et al. [5] found that 
the parameter A+ increases with suction. Rot ta [6], in his 
analysis of the data of Favre et al. [7], arrives at a similar result. 

Inspection of Kinney and Sparrow's model shows that the as
sumption of constant A + yields a turbulence level increasing with 
suction, which is contrary to the well-known experimental evi
dence for flat plates and to Weissberg and Berman's measure
ments in tubes. 

I t is the purpose of this paper to integrate Kinney and Spar
row's analysis with the damping-factor data of Kays et al. and 
Rotta. The results show the expected decrease of turbulence 
with increasing suction, and are in good agreement with the data 
of Weissberg and Berman. 

Analysis 

The governing equations for turbulent flow in a circular tube 
are, in the usual notation, 

dtrii) d(ra) 

S.i; dr 

5(MZ) d(?'«w) 
r—— + 

bx dr 

dp 

dx 

d()T) 

dr ' 

(1) 

(2) 

where r is the shear stress, the specification of which will require 
the assumption of a turbulent transport model. The boundary 
conditions at the wall are 

0, v (3) 

For low ratio of the suction velocity vw to the mean axial velocity 
U, local similarity may be assumed, i.e., 

u/U = / ( r / r j . (4) 

According to the mixing-length theory, the local shear stress is 
given by 

r 1 + V 
du + 

dy + 

du + 

where 

i+ = u/u*, y + = yu*/v, u* = -\/TW/P, y = r 

(5) 

(6) 

and l+ is the dimensionless turbulent mixing length, to be dis
cussed below. 

Following Kinney and Sparrow, equations ( l ) -(6) can be re
duced to an integro-differential equation 

du+ 
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Fig. 1 Velocity profiles across tube 

with the boundary condition u + = 0 at y + = 0. Here the 
Reynolds number Re and the parameter K are given by 

Re = 
2r„U 

'*> J o 
(>'„ y+)dy+, 

K 
Re ! r (8) 

M+ 2 (<-„+ - i / + )* / 4 

At this point, a model for l+ must be chosen. The mixing-length 
relation for an impermeable round tube, with a van Driest damp
ing factor, is 

V 
DF 0.4 ^— - 0.< 

V + 

y 

+ 0.24 r °-06 ( S ) 4 

where the damping factor, 

DF = 1 - exp ( - I / + M + ) , 

, O) 

(10) 

is based on the solution of the flow next to an oscillating im
permeable plane. The assumption of a given A + is equivalent to 
assuming a representative frequency, and it is found that a con
stant value A+ = 26 gives good correlation with experimental 
data. 

Kinney and Sparrow generalized the damping factor by basing 
it on the solution of the flow next to an oscillating plane with 
suction. This yields 
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Fig. 2 Velocity profiles near tube wall 
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Fig. 3 Pressure gradient as a function of suction rate 

DF = 1 — exp j —x — 

where 

V2 
X 4 + 4 

+ \ A 'A 
+ X2 

X = — vw+y+, 

WA 

(ID 

(12) 

and A+ is again unspecified. For compatibility with the no-suc
tion case, they assumed A + = 26. This model predicts that the 
damping factor in equation (11) increases with suction, i.e., the 
turbulence level increases. This is contrary to well-established 
experimental evidence for flat plates and to Weissberg and Ber-
man's measurements in tubes. 

In principle, there is no reason to expect that A + will be inde
pendent of »,„. In fact, Kays et al. [5], in an analysis of their ex
perimental data for flat plates, propose a damping factor as in 
equation (10), with an empirical relation for A+ the dominant 
term of which is 

4.42/(0.17 - vw
+), (13) 

which reduces to A+ = 26 for v„+ = 0. This is in good agree-
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merit with the curve of A + vs. vw
+ in Rotta 's [6] analysis of the 

data of Favre et al. [7] for flat plates. (Both Kays et al. and 
Rotta normalize the distance y + in (10) with respect to the local 
shear stress r = r , — vwu, rather than r,„.) Note that equations 
(10) and (13) predict that the damping factor for a flat plate de
creases with suction, i.e., the turbulence level decreases. Clearly, 
then, for tube flow one would also expect the expression for A + in 
terms of vw

+ to exhibit the same property. 
After consideration of the different approaches, it seems that the 

simplest model for the problem considered here would consist of 
the damping factor as in equations (10), (13), with y + normalized 
in the usual manner with respect to T„ . This, together with the 
equations (7)-(9), provides an analytically well-posed model, 
which exhibits the expected and experimentally observed physical 
behavior. 

As in [4], for given Re and vJU, equation (7) is solved by as
suming trial values for rw

+ and K. The equation is integrated 
numerically from y + = 0 to rw

+, and the resulting velocity profile 
should then satisfy equations (8). In case of disagreement, the 
assumed values of rw

+ and K are corrected and the integration is 
repeated until the process converges. 

Results 

The problem was solved for parameter values which admit com
parison with the theory of [4] and the experimental data of [2] 
and the results are presented in Figs. 1-3. 

Fig. 1 shows the velocity profiles for parameter values common 
to [2] and [4]. In considering this figure, one should note that in 
the dimensionless representation used, all curves converge at 
vh'w = 0 and at y/rw = 1. Therefore, the agreement between 
the curves near the end points is self-evident, and the theoretical 
curves should be judged solely by their agreement with experi
ment in the range near y/rw — 0.1. I t will be seen that the 
present theory yields much better agreement with experiment 
than [4]. 

Fig. 2 shows the effect of suction on the velocity profile for 
Re = 25,000, together with the curves from [4]. (No experi
mental data is available for these parameter values.) 

In Fig. 3, the dimensionless pressure gradient is presented, to
gether with the prediction [4] and points calculated from the ex
perimental data of [2]. The agreement of the present theory with 
experiment is excellent. 

On the basis of the limited amount of directly relevant experi
mental data available, it may be concluded that the present 
theory yields better results than [4]. Clearly, extensive experi
mental work is required before an exact empirical relation for A + 

in turbulent pipe flow with suction will be available. The main 
point is, however, tha t this relation must predict a decrease of the 
turbulent level with suction. 
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A Solution for Radiation Heating of a Diathermanous 
Solid Subject to Convection Cooling 

HAROLD J. BREAUX1 

Nomenclature 

c = specific heat 
H = heat-transfer coefficient 
h = H/k\, dimensionless heat-transfer coefficient 

(Biot number) 
h = thermal conductivity 

l(y, 0 = Q(Qo, X, y/\, t)/Q0\, dimensionless source 
function 

Q(Qo, X, x, r) = source function 
<2o = maximum intensity of source function 
x = distance from surface 
y = Xx, dimensionless distance from surface 
t = X2ar, dimensionless time (Fourier number) 

T = (6 — 8o)k\/Q(,, dimensionless temperature 
a = k/pc, thermal diffusivity 
6 = temperature 

do = initial temperature, temperature of cooling 
medium 

X = parameter in source term, absorption coefficient 
in source term for Lambert-law absorption 

v = radiation frequencjr 
p = density 
T = time 

Introduction 

ATTENTION is focused on a class of problems characterized by 
the presence of a source term in the one-dimensional heat equa
tion for a semi-infinite solid. A typical physical situation in 
which this type problem arises is the case of a diathermanous 
solid irradiated by a radiation source having an arbitrary spectral 
distribution and where the energy absorbed by the solid is 
governed by Lambert's exponential absorption law. The solid 
is assumed to be simultaneously losing heat at its surface in a 
manner governed by Newton's law of cooling. The problem is 
first solved in general form for an arbitrary source term with un
specified time dependence and spatial distribution. The solution 
is then specialized to those situations where the source term is 
time-independent. An exact solution in the form of tabulated 
functions is obtained for the case where the source arises from 
monochromatic radiation and the energy is deposited in the solid 
according to Lambert 's law. The solution is then extended to 
the case of a radiation source having an arbitrary spectral dis
tribution. The final result is given in terms of a definite integral 
which can easily be evaluated by means of numerical quadrature. 
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